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Trigonometric Substitutions

Expression | Substitution Domain Identity

Va2 — 2 x = asinf —2<0<*% 1 —sin?6 = cos? 0
Va2 +22 | z=atanf —-I<0<3 1+ tan?6d = sec?d
V2 —a? | z=asech 0§9<§01r7r§9<377r sec’d — 1 = tan’4

Trigonometric Substitution Diagram
When solving a problem with trigonometric substitution, we may need to switch back to having
things in terms of x. A triangle like the one below can help us.

Using the equation from our substitution, we can fill in our triangle.

Example 1

f—vgx’;ﬁdx

This is of the form va? — x2, so we let = 3sinf. Then dx = 3 cos 6db.

f—\/md =/ VA CLLL) (3cosf)d = [ Y ism e (3cosb)d f 3y 1-sin?0 0 (3 cosf)dod

(Gsin 9)2 " 9sin26
— [Nl sin® %(cos 0)df = J 58 (cos 0)d = fgfj;gd@ = [cot?0dO = [(csc?§ — 1)db
=— cot@ 0+ C

Next we need to have everything in terms of z. x = 3sin 6 tells us sinf = %. Also, § = arcsin .
Now we can use a triangle to solve.

9—x2

By our triangle, we know cot 6 =
Finally we can use substitution.

—cot9—9+C:——”9;x2—arcsin§+C
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Example 2
| mmmde
This fits the form of Va2 + z2. We let © = 2tanf. Then dx = 2sec? 8df. Next we substitute.
1 2 _ 1 2 _
J (2tan0) \/(2tan6)2 +42Sec 6df = | (4tan? 0)2v/tan? 9+12sec 0do = [ (4tan2 9)25ec628€c fdeo
4 f tan29 sec 0df) = 4 f scl(rjls2?9d6
Next we need to use u—substltutlon Let u = sin @, then du = cos 0d6.
eskdo = [ hdu= -1+ C

And by our u- substltutlon We have — 4 Sm@ +C, or —}L cscl + C.
Next we use a triangle to put our answer in terms of x. By above, tanf = 3

By our triangle, —i cscd +C = _\/wzxﬁ el

Example 3

This problem fits the last form, v 22 — a?. We let x = 4sec 6, then dx = 4 secd tan 0d6.
e (sec)P 16 4 o 0 tan d = J v/ (4sec)? — 16 - (tan)df = [ 4tanf(tanb)dd = [ 4tan?Hdo

4 sec 0

=4 [(sec’d —1)df = 4tand — 40 + C
By above, we have secf = 2, § = sec™! (%), and the following:

/A o
0
4

Then our answer becomes 4—””24_16 —4sec™' (2)+C = Va2 —16 —4sec”! (£)+C
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