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A Reversible Nearest Particle System on the
Homogeneous Tree'

Amber L. Puha’®
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We introduce a modified contact process on the homogeneous tree. The
modification is to the death rate: an occupied site becomes vacant at rate one
if' the number of occupied id neighbors is at most one. This modification leads
to a growth model which is reversible, off the empty set, provided the initial set
of occupied sites is connected. Reversibility admits tools for studying the sur-
vival properties of the system not available in a nonreversible situation. Four
potential phases are considered: extinction, weak survival, strong survival, and
complete convergence. The main result of this paper is that there is exactly one
phase transition on the binary tree. Furthermore, the value of the birth
parameter at which the phase transition occurs is explicitly computed In par-
ticulars survival and complete convergence hold if the birth parameter exceeds
1/4. Otherwise, the expected extinction time is finite.

KEY WORDS: Trees; growth models; phase transition; reversible; flows.

1. INTRODUCTION

The (single parameter) uniform model #, is a continuous time Markov pro-
cess taking values in X = {0, I}T'l, where T denotes the homogeneous tree
in which each vertex has degree d + 1. An element # of X is referred to as
a configuration and the value of » at the site x denoted by #(x) is the spin
at x. If the spin at x is 1, we say that the site x is occupied. Otherwise,
x is vacant. The evolution of the process is that a vacant site becomes
occupied at a rate which is proportional to the number of occupied
neighbors, while an occupied site becomes vacant at rate one if at most one
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of its neighbors is occupied. More formally, the flip rate c(x,#) at site
xeT¢ in configuration 7 is given by

B Y aly) if gx)=0
x— pll =1
cx,m=41 if gx)=land Y gp(y<1
Ix—yll =1
0 otherwise

where >0 and ||x — y|| denotes the length of the shortest path connecting
x and y. See Liggett®® [Ch. I, Sect. 3] for a complete construction of the
process.

Some may recognize these dynamics as a modification of the contact
process where the rate at which an occupied site becomes vacant is one
regardless of the spin values in the neighborhood. The effect of the modifi-
cation is that connected components remain connected until absorption in
the empty set. Furthermore, the configuration with all sites occupied is
absorbing so that J; is the upper invariant measure for the process, where
1 is the configuration in which all sites are occupied. Another distinction is
that the finite system is reversible with respect to the measure n(A4) = g'4!
for all finite, connected 4 = T¢, where we have identified a configuration #
in X with the subset A of the vertices of T which are occupied. The con-
tact process properties of additivity and self-duality fail for the uniform
model, while attractiveness is preserved.

Liggett® first introduced the two parameter version of this process in
1985. 1t has both an interior birth rate A and an exterior birth rate y < 1/d.
Given a configuration #, let %(#) be the minimal connected subgraph of T
containing #. The rate at which a vacant site becomes occupied in con-
figuration # decays exponentially with the distance to %(#), while occupied
sites become vacant at rate one. The flip rates are given by

e(x, ) =AU —p(x)) + n(x)

where [|x —%(y)| =min{ |x— y| : ye¥(n)}. The two parameter model is
reversible with respect to the measure u(A4) =y #DIH4l for finite 4 < T¥.
Liggett studied the survival properties of the finite system and gave bounds
on the critical value of the interior birth parameter in terms of the exterior
birth parameter. The connection between the single and double parameter
models is that the single parameter uniform model can be regarded as a
limit of the double parameter version. To see this, set the double parameter
nearest neighbor birth rate Ay constantly equal to f while letting the
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exterior birth rate y tend to zero. In particular, the rate at which vacant
sites at a distance strictly greater than one from %(#») become occupied
tends to zero. Since the interior birth rate 4 =f/y, the interior birth rate
tends to infinity. Thus, any occupied site in the interior of %(y) which
becomes vacant is instantaneously reoccupied.

In the study of reversible interacting particle systems, new tools
become available which, in some cases, allow more complete analysis.
Attractive Reversible Nearest Particle Systems (RNPS) on Z provide a suc-
cessful example. In a Nearest Particle System (NPS), an occupied site
becomes vacant at rate one and a vacant site becomes occupied at a rate
which depends on the distances to the nearest occupied sites. The contact
process provides a (nonreversible) example of a NPS in which the rate at
which a vacant site becomes occupied is proportional to the number of
occupied sites within distance one. On Z, reversibility is equivalent to the
assumption that the rate at which a vacant site becomes occupied takes the
form

AUm) plr(m)
AU + 7<)

for some function f: N — R, such that 32, f(/) < oo where /() (resp.
r.(n)) denotes the distance to the nearest occupied site to the left (resp.
right) of x in configuration #. In contrast to the contact process on Z, criti-
cal values for both the finite and infinite RNPS can be computed exactly
and the upper invariant measure is the well understood stationary renewal
measure whose increments are determined by the function f(.). See
Liggett’® [Ch. VII] for a full discussion of NPS.

The theory of RNPS on graphs other than Z is not well developed.
Two important obstacles prevent generalization. Firstly, on what quantity
should the rate of occupancy depend; that is, how should one generalize
the notion of the nearest particle to the left and right? Secondly, there is
no generalization of a renewal measure even to Z¢ for d > 2. Liggett intro-
duced the two parameter uniform model in order to extend the theory of
RNPS to T¢ Some other attempts to study RNPS on graphs besides Z
include Chen™? and Liggett.®

Our goal in this paper is to introduce the single parameter uniform
model and to exploit reversibility to provide a complete analysis like that
available for RNPS. Motivated by the contact process on T¢, we consider
the following critical values of the birth parameter. Let T denote the time
of absorption into the empty set. Let O be a distinguished vertex referred
to as the origin, or the root.
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d)=inf{ﬁ:Po(17,9é®Vt)>O}
inf{f: P°(O en, for unbounded ) > 0}
Bald)= 1nf{ﬁ > B4(d) : for all finite, connected 4 = T
PA(n,e-) = PA(n,# B V1t) 3,(+) + PA(n, = & some t) 3y ()}

It is immediate that f,(d) < f.(d) < f5(d) < B.(d). If the process is not
absorbed into the empty set in finite time we say that the process survives
globally. Thus, f§,(d) denotes the global survival threshold. If the process
occupies the origin at an unbounded sequence of times, then we say that
the process survives locally so that f;(d) denotes the local survival
threshold. Global survival without local survival is weak survival‘ In par-
ticular, weak survival occurs with positive probability if fe (fy(d), f5(d)

If PA(n,e)— PAn,# D V1) d,(-)+ Pn,= & some t) do(-) for all ﬁnlte
connected 4, we say that complete convergence holds. It is immediate that
complete convergence holds for ff < f,(d). In the local survival phase, it is
not obvious that complete convergence is 2 monotone increasing property
of the birth parameter and therefore that the definition of f,(d) is useful.
The fact that T¢ is a homogeneous graph implies the desired monotonicity
as will be shown in Section 2.

Theorem 1 summarizes the main results proved in this paper regarding
critical values for the (single parameter) uniform model. On the binary
tree, all critical values are computed exactly paralleling the analysis of
RNPS on Z.

Theorem 1. (a) For d>2, f,(d)=p;(d)

(b) For d=2,
1 /d—1\9"!
/31(d)=g<7>

Furthermore, at f,(d) the expected extinction time is finite.
(¢) Ford=2,

d
Ba(d) <72(d— e
(d) For d=2, fi(2)=fy(2)=}

Similar results for the contact process on T include f,(d) < B,(d) <
Bs(d)=B.(d) for all d>2 [see Liggett;”’ Pemantle;!® Stacey;'® and
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Zhang!®]. Theorem la states that in contrast to the contact process on T
the uniform model has no intermediate phase characterized by weak sur-
vival for all d>2. This is proved in Section 2. By (b), B,(d) is asymptoti-
cally 1/ed and the bound given in (c) is asymptotically 1/2d. Parts (b) and
(c) are proved in Sections 4 and 6.2 respectively. In Section 5, we show that
B4(d) < 1/d, which is better than (c¢) only when d < 3. The point here is that
the 1/d bound is the analog of the upper bound that Liggett obtained for
the double parameter model and that it is easily obtained. Part (d) states
that in fact there is no intermediate phase in d=2 and identifies the exact
location of the phase transition. This is proved in Section 6.3.

The technique used to push the upper bound on £,(2) down to f,(2
may work for general d. The remaining obstacle is to %how that a certam
set of equations has a solution which is absolutely bounded by one.
A limiting version of these equations yields a partial differential equation.
This PDE does in fact have a solution which is absolutely bounded by one.

Theorem 2. For d>3, let a*: R% — R be defined by

O*(X e Xg)

(xy —x)(x} +10x, x; +x2)(x2+ X X +xd)+l
= dd—2)(x,+ - +x5)(x, +x,)° d

Then o*(xy,..., X4) is Symmetric in the variables x,,..., x,, absolutely bounded
by one, and a solution to

d
Z (X.*(xi, X1 geres Xi1s Xjg 19000 xd) =1

i=1

4 0
* ; veey i—1s A geeey - <
; <2x axi>a (xl’xlﬁ Xi—1> Xi+1 xd) 2(x1+ L +xd)

The analysis of the PDE which is presented in Section 7 may be of
independent interest. Firstly, the PDE relates values of the function and its
derivatives at distinct (not necessarily close) points in the positive quadrant.
Furthermore, simple inspection of the PDE does not suggest a particular
form for a candidate solution. Therefore, some strategy must be implemented
in order to find the solution exhibited in Theorem 2.

Theorem 2 suggests that the next conjecture holds. The conjecture
implies that the uniform model undergoes exactly one phase transition on
all homogeneous trees.

Conjecture 1. For d>3, B,(d)=(1/d)((d—1)/d)¢~!
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2. THE SURVIVAL PHASE

In this section, we study the model when f> f,(d). As a consequence
of connectedness and attractiveness, it turns out that §,(d) = fi,;(d). Hence,
there is no intermediate phase which is characterized by weak survival. As
a consequence of attractiveness and homogeneity of the tree, weak survival
does not occur above the local survival threshold. Combining these two
statements, if the process survives, then it survives locally. Since the upper
invariant measure is simply J,, homogeneity of the graph and attractiveness
also imply that survival together with complete convergence is a monotone
increasing property of the birth parameter.

First, Theorem la is proved. Then, techniques used by Salzano and
Schonmann!?) for the contact process are applied to show that weak sur-
vival does not occur above the local survival threshold for the uniform
model. Finally, survival together with complete convergence is equated to
a property which is immediately recognizable as monotone increasing in f.

Proof of Theorem la. Tt suffices to show that P(nC# @ Ve)>0
implies that P(Oen? for unbounded 7)>0. Let BY={xeT?: ||x —x;|| <
|O—x||} O where xy,..., x4, denote the d+ 1 nearest neighbors of the
root O. By rotational symmetry,

P(ny # Q) _ P(ng # S Vs)

dnn? > >

Using the fact that the uniform model is an attractive spin system and that
8o s positively correlated [see Liggett,® Ch. I, Thm. 2.14],

P(B{ nn?+ &, Byl # &)
>P(Bnn# ) PB "+, i#]

Since #¢ is connected, P(Oen?)> P(BY nn? # &, BY nn? + &). There-
fore, the assumption that P(n© s & Vs) > 0 implies that P(O € n?) is bounded
away from 0. Hence, P(O €72 for unbounded s) > 0). O

Remark 1. A slight modification of this proof works for the double
parameter model. There connectedness of the single parameter model is
replaced by connectedness of %(#).

Salzano and Schonmann'? proved that weak survival does not occur
for the contact process on homogeneous graphs in the local survival phase.
The properties of the contact process which their proof uses are that it is
translation invariant, strong Markov, and attractive. Therefore, the prob-
ability of weak survival is zero above the local survival threshold for any
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translation invariant, attractive strong Markov process on a homogeneous
graph G taking values in {0, 1} . In particular, when > §3(d)

P(nit+# @ Vt)=P(Oen? for unbounded ¢) (2.1)

for any finite initial configuration A.

Here is the main idea behind their proof. Let X, be an attractive,
strong Markov process taking values in {0, 1} . They make the observa-
tion that local survival is almost surely equivalent to the event that for
every ne N there exists a finite time 7, such that the process contains a
(fully occupied) ball of radius n centered at the origin. Using this fact, they
prove that P(O e X for unbounded ¢) >0, implies that

lim P(Oe X" for unbounded ¢)=1 (2.2)

n—» oG

where B(O, n) denotes the ball of radius »n centered at the origin. On the
event that the process survives, a ball of size » must become occupied
somewhere. By the strong Markov property, the process can be restarted
at this random time. Homogeneity of the graph and (2.2) imply that the
probability of weak survival tends to zero as » tends to infinity. For a com-
plete proof, see Salzano and Schonmann,'® Thm. 2(i). These ideas also
lead to a proof of Lemma 1.

Lemma 1. For > f#,(d), complete convergence holds if and only if

lim liminf P(QenB@my=1

n— {— oo

In particular, if P(°+# @ Vt) >0 and complete convergence holds at f*,
then the same is true for all > f*.

Proof. First assume that P(#°# & Vt)>0 and that complete con-
vergence holds. Since the upper invariant measure is d,, lim, _, ,, P(O e p#2™)
= P(»B(%" 3 5 V1), This together with (2.1) and (2.2), gives the if direc-
tion of the implication.

Assuming that lim,_,  liminf,_ , P(Oen®?™)=1, it is immediate
that P(»9# @ Vt)>0. Given finite 4 =T, let T,=inf{¢: B(O, n)<=5?}.
For s<1,

P(Oen)zP(Oen|T,<s)A(T,<s)
> inf P(Oen®%") P(T,<5s)

t—s<u
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where the final inequality follows from the strong Markov property and
attractiveness. Therefore, for all se R, and neN,

lim inf (O € 7) > lim inf (O ) (T, <)

1= 00

Recall the Salzano and Schonmann*® observation that lim,, , , lim,_,
P(T,<s)=P(0Oen; for unbounded ?). This together with (2.1) implies
that

lim inf P(O en) > Py} # & V1)

t— o

Since P(Oenf) <P+ @ Vs<t), it follows that limsup,_, ,, P(Oen?)
< P(yd # @ Vi), Thus,

lim P(Oend i+ Ve)=1
= o0

It follows that for all finite B<=TY, lim,_ , P(Bend|ni+aVe)=1
which completes the proof. O

3. REDUCTION TO A SINGLE BRANCH

It will be convenient to analyze the behavior of the uniform model on a
single branch B of T? Recall that BY={xeT: [x—x,|<[|0—x|} L O
where x,,.., x;,; denote the d+ 1 nearest neighbors of the root O. Take
B? =B¢ and consider the initial configuration 5, = (T¢\B¢) U 0. By con-
nectedness, 7,27, for all ¢ = 0. Therefore, it suffices to keep track of the
intersection with B¢, namely 4,=#5,nB¢ The Markov chain 4, is
irreducible with state space ¢“ = {finite, connected 4 = B? containing O}
and rates ¢(4, B). For Ae€%“, say that xed is a leaf if x# O and
{yed:|x—yl|=1}=1. Denote the set of all vertices in 4 which are
leaves by 0A4. Make the convention that the cardinality of 4 is the number
of vertices in A\O, ie., |4]| =|{x:xe A\O}|. Since

m(A) g(A, AV {x})=p"  =n(d U {x}) g4 U {x}, 4)

for all xeB? such that |x— 4| =1, 4, is reversible with respect to the
measure 7n(A4)=p"!. The connection between the behavior of the finite
interacting particle system and the Markov chain 4, is outlined in
Theorem 3.
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Theorem 3. (a) If (4,),., is positive recurrent, then E9(t) < co.
(b) If (A4,),5, is transient, then f 2= f,(d).

Proof. Let &, denote the product of d+ 1 independent copies of 4,
with initial state {O}. Paste together the d+ 1 roots, one on top of the
other, and locate the roots at the origin of T% By this correspondence,
the product chain is equal in distribution to a uniform model on T¢ with
death at O suppressed. Let 72 denote the uniform model on T¢ with initial
state O. By attractiveness, we can couple #2 and ¢&, such that

ncé, V20 (3.1)

Furthermore, for any initial configuration 4 containing O we can couple
n# and &, such that

f,cnt YO<I<R (3.2)

where R=inf{r: O¢n{} (see Liggett,”® Ch. III, Sect. 1).

The positive recurrence of A4, is equivalent to positive recurrence of &,.
Let To=0. For iz 1, set Tj_, =inf{r>T;_:¢,#{0}} and T;=inf{s>
T;_y:¢(,={0}}. Thus T, denotes the time at which the product chain
makes its ith visit to {O}. Let N=min{n:n2 =f}. By the strong
Markov property and (3.1), N is geometric with parameter p = P(;7‘T’l = ).
Therefore,

N

[EO(TK[E(TN):[E(Z (Ti_Ti—l)>=[E(N) E(T))

i=1

where the final equality is an application of Wald’s Lemma, establishing (a).

Assume A, is transient. As before, x, i=1,..,d+ | denote the d+1
nearest neighbors of the origin. Let S=inf{s:¢,2{0, x,.., x,,} for all
t>s}. Since A, is transient, P(S <o) =1. By (3.2),

P(Oentforallt1=0)=P(Oenfforallt<S)
>P(Oendforallt<S|S<u)P(S<u)
= P(Oen? forall t<u|S<u) P(S<u)

for any initial configuration A containing O and u>0 such that
P(S<u)>0. Since {Oen; for all 1<u} and {S<u} are increasing events,
1, is an attractive spin system, and J 4 is positively correlated,

P(Oenf for all t<u|S<u)=P(Oenf for all t<u)
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(see Liggett,'® Ch. II, Cor. 2.21). Thus,
P(Oenf for all t>0)>P(Oen? for all t<u) P(S<u) (3.3)
By bound (3.3) and Lemma 1, it suffices to show that

lim lim P(Oen®9™ for all t<u) P(S<u)=1

#—> 00 R— O

If the origin becomes vacant at some time 7<u, then there exists a time
s<u such that #%%" ~AB?={0} for at least d indices. Since (d"—1)/
(d—1) is the number of vertices in B(O, n) n B\{ 0},

P(As<usyBOm ABY = {0}) < (1 —e~*)@'~DId=D

It follows that P(Is <u3 72" A B?= {0} for at least d indices) > 0 as n
tends to infinity. Therefore,

lim P(Oen®®™ for all t<u) P(S<u)=P(S<u)

n— o0

Letting u tend to infinity completes the proof. O

Remark 2. The positive recurrence of 4, is in fact equivalent to finite
expected extinction time of the uniform models. In order to prove this, one
would construct the shape chain, a Markov chain on the finite subsets of
T where isomorphic sets are identified and which has a transition from the
empty set to the singleton at rate f. See Liggett® for the construction of
the shape chain for the double parameter uniform models. The following
string of equivalences proves the assertion: positive recurrence of 4, is
equivalent to positive recurrence of &,, which is equivalent to positive
recurrence of the shape chain, which is equivalent to finite expected extinc-
tion time. The only statement which needs proof is the equivalence of
positive recurrence of £, and the shape chain. Given the construction of the
shape chain, verifying that the reversible measure of the shape chain
is summable if and only if the reversible measure of the product chain is
summable proves the assertion.

4, THE FINITE EXPECTED EXTINCTION TIME THRESHOLD

By Theorem 3 and the remark following ifs proof, the positive
recurrence threshold for the Markov chain 4, defined in Section 3 agrees
with f,(d). In this section, we compute the positive recurrence threshold
for A, and thereby compute f,(d).
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Proof of Theorem [b. Tt suffices to show that A4, is positive recurrent
if and only if < (1/d)((d— 1)/d)*“~". Since A4, is reversible with respect to
the measure 7(-), positive recurrence is equivalent to the summability of
the series

(24

CB) =3 c.p" (4.1)

n=90

where ¢, is the number of 4 € ¢ such that | 4] =n. The unique set of car-
dinality zero is { O} so that ¢o=1. For n> 1, the following recursion holds:

C"= Z Ckl.”ckrl (42)

where the sum is taken over all d-tuples in N“ such that k, + -+ +k, =
rn— 1. To see this, note that » > | implies that x,, the nearest neighbor of
the root O, is in the set; otherwise, the set would be disconnected from O.
Given that both O and x, are in the set, there are n— 1 additional vertices
in the set. Regarding x, as the root of d distinct copies of B, choose
(ki,skg) in N¢ such that 3¢, k,=n—1 and place k,+ 1 vertices
(including x,) on the ith copy of B?. The number of distinct arrangements
of k,+ 1 vertices on BY is Cr» Which proves (4.2).

Multiplying (4.2) by g”~! and taking the sum from n=1 to o gives

—1
=ty (43)

Let p(y, B)=py? — y+ 1. If C(B) < oo, then p(C(B), B) =0. For each >0,
p(-, ) is a strictly convex function on R™* with unique minimum at
(Bd) =9, There exists a yeR* such that p(y, £)=0 if and only if
p((Bd)1 =9, B)<0. Furthermore, p({fd)! =9, f)<0 if and only if <
(1/d)((d —1)/d)¥ =1, establishing the only if part.

Multiplying (4.2) by *~! and summing from n=1 to N gives

Cu(f)—1
Ml — <reum’ (84
where Cpy(f) denotes the partial sum to the Nth term. Assume f<
(1/d)((d—1)/d)“~1 and let y,(B) < y,(B) denote the two positive roots of

p(-, B). By inequality (4.4), p(Cn(B), f) > 0. Therefore, Cp(fS) € (0, y,(5))
U (pa(B), o0). At B=(1/d)((d—1)/d)?=V, y,(B)>1. As B decreases to 0,
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¥,(f) increases to infinity, while Cn(f) tends to 1. Hence, the statement
that Cy(B) e (p4(f), o) for some < (1/d)((d—1)/d)?~ Y contradicts the
continuity of Cn(f). Therefore, Cy(f)e(0, y(B)) for all p<(1/d)x
((d—1)/d)¥=1 and for all NeN. Let N tend to infinity to obtain

AP S (B <o 0

Tt is well known in the Combinatorics literature that in case d =2, the
unique solution to the recursion (4.2) is the Catalan numbers, i.e.,

1 /2n
"n=m(n> (4)
Solving (4.3) for C(f), gives
_ 1=
ap ===

We choose the root with the negative sign since lim, _, , C(f§) = 1. Computing
the power series for C(f) centered at 0 shows that ¢, is in fact the nth
Catalan number. By Stirling’s formula,

4"
Cp~v—r——
" 2r n3?

which gives an alternate proof of summability up to and including 1/4 in
case d=2.

The technique used to compute ¢, in case d =2 becomes complicated
and eventually breaks down. At d=25, the Galois group is the entire sym-
metric group and therefore the roots are no longer computable by radicals
However, a simple combinatorial argument can be used to compute ¢, for
all d> 2. Consider the correspondence

{Ae€?y > {Ae€s, 04| =(d—1)n+1}
which is given by mapping a set 4 of size #n to the set B of size dn+1
obtained by adding all vertices within distance one of 4. The number of

Ae%? ., with (d—1)n+1 leaves is known to be (“)/((d—1)n+1) (see
PuhaV for a proof). Therefore,

1 dn
=TT ) (40

Again, an application of Stirling provides the desired summability.
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5. THE COMPLETE CONVERGENCE THRESHOLD:
AN EASY BOUND

If the total birth rate at a leaf is greater than the death rate, the
boundary of the occupied set should have a net drift outward. Further-
more, it seems reasonable to expect this drift out at the boundary to force
the occupied set to expand in all directions resulting in total occupation of
the tree. We formalize this intuition and obtain an easy bound on f,(d).

Theorem 4. For d=2, f(d)<1/d.

Proof. By Theorem 3, it suffices to show that A4, is transient for
f>1/d. Modify the rates g(A, B) by suppressing all births at neighbors of
nonleaves. To be precise, let £“={Ae%“: A has exactly one leaf} U {0}
and for 4, Be ¢ define

g(A,B) if A, Bew?

G(A, By = )
d ) {0 otherwise

Let L, denote the Markov chain with state space . and rates {G(4, B)}.
If Aje #% A,e%%, A, A,, xe A, and y ¢ 4,, then

67(A1,A1\x)>q(A2,A2\X) and G(A,, A1 vy)<q(Ay, A0 Y)

Therefore, we can couple L, and A, such that L, = A4, for all 1 >0. Conse-
quently, if L, is transient, then so is A,. Since |L,| is a birth and death
chain with birth rate dfi and death rate one, L, is transient for f#>1/d. O

The positive recurrence and easy transience bounds of Theorem la
and Theorem 4 are the analogs of the lower and upper bounds

L/ d—1 \ 1 (1—yd
d_y(m> _1<12(d,y)<3(7> (5.1)

given by Liggett® for the two parameter uniform model. To see this, mul-
tiply by y and let y decrease to 0. The technique used here to compute the
positive recurrence threshold is almost the same as that used by Liggett to
compute the lower bound for the double parameter uniform model.
However, Liggett used a more sophisticated technique to obtain the upper
bound which involved the Dirichlet principle and a notion that he called
monotonicity. Essentially, he used these tools to restrict attention to the
evolution of an embedded line process. Unfortunately, the simple coupling
argument given here does not extend to the double parameter model.
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6. THE COMPLETE CONVERGENCE THRESHOLD:
IMPROVED BOUNDS

For reversible Markov chains, there is a very nice characterization of
transience in terms of flows. A flow is a collection of real numbers corre-
sponding to ordered pairs of states of the chain. Lyons® showed that the
existence of a flow with certain properties is equivalent to transience. We
exploit his result in order to prove that the chain 4, is transient for certain
values of §.

In Section 6.1, a method of constructing flows with certain properties
for the Markov chain A, is described. In sections 6.2 and 6.3, particular
examples of this construction are investigated. The first example leads to a
nontrivial bound on g,(d) and proof of Theorem lc. The second leads to
a proof that £4(2) < 1/4 and thereby a proof of Theorem 1d.

6.1. A General Strategy for Proving Transience

The purpose of this section is to outline a method for constructing
flows which have special properties. We begin with the definition of a flow
and the statement of the Lyons criterion. Then, we construct a class of
flows which are guaranteed to satisfy all except the final condition of the
Lyons criterion. Thus the problem of transience is reduced to exploring
particular instances of the construction and determining for which values
the final condition holds.

Definition 1. Given a Markov chain with state space S, a flow on S
is a collection of real numbers, or weights, {w(x, y)} indexed by Sx S.

Theorem 5 (Lyons Criterion). Given a continuous time irreducible
reversible Markov chain X, with state space S, transition rates ¢(x, y), and
reversible measure =, transience of X, is equivalent to the existence of a
flow {w(x, y)} on S which satisfies the following three conditions:

(i) Anti-Symmetry: For all x, ye S, w(x, y) = —w(y, x).

(ii) Incompressibility: There exists a x,€ .S such that

> w(xe, y)#0 and Vx # Xq, > w(x, y)=0 (6.1)

yes yesS
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(iii) Finite Kinetic Energy:

5 wi(x, )

x, y€S ~(x) g(x, y)<oo (6.2)

where, by convention, 0/0 =0 and a/0 = oo when a > 0.

Returning to the Markov chain A4,, a method for constructing flows
on % which satisfy (i) and (ii) of the Lyons’ criterion is outlined. Given
a collection of weights {w(4, B)}, let

fidy= Y  w(B,A) for A#{0} (6.3)

{B:B= 4}

be the net flow into A (from below). Given A € 49, denote the neighbors of
A which contain 4 by A9 (A4). For A e %, say that r(A4, -) is a routing vector
if the support of r(4, -) is contained in A"?(A) and ¥ . ge 444y (A, B) =1.
Note that r(4, -) is not required to be nonnegative. Given a collection of
routing vectors, construct the flow recursively:

(1) Setf({0})=1.
(2) If f(A) is defined for all |A| <n, for each B such that |B| =# set

w(A, By= f(A) (A, B) (64)

for all 4 such that |4|<n, where it is understood that
SflAYr(A, B)=0 when |A4|=|B|=n. Using (64), f(B) is now
defined by (6.3) for each B such that |B| =n.

(3) For A, Be % such that |4| > |B|, set w(4, B)= —w(B, A).

Denote the collection {w(4, B)} by F. Property (3) guarantees that F
satisfies the anti-symmetry condition of the Lyons criterion. By construc-
tion, Y, w({O0}, A)=w({0},{0,x,})=1. Take B#{0O} and combine
(6.3) and (6.4) to obtain

Y w(C, B)=f(B)

{cee!: Cc B}

=f(B) Y (B 4A)

AeNUB)

= ) wB A (6.5)

Ae NV 9B)
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Since w(B, A)=0 for all A4 such that 4¢.4“(B) and B¢ A/9(4), (6.5)
proves incompressibility. This proves Proposition 1.

Proposition 1. Specifying a collection of routing vectors determines
an anti-symmetric, incompressible flow.

6.2. The Uniformly Routed Flow

With this general method of constructing flows on %%, we attempt to
a construct a flow which proves the transience of 4, for > (d—1)*~'/d".
Using the fact that n(A) g(4, B) = (418D the kinetic energy series is

H(F)=2 i <%>n+] > 2. w4, B)

n=0 Ade®? Be#H4)

where ¥#¢={A4e€%“:|4|=n}. Since § appears in the denominator, it is
natural to try to maximize the radius of convergence by minimizing the
coefficients. As a first attempt, fix A e %¢ and

minimize Y wXA4,B) subject to  f(4)= Y w(4,B)

Be#d4) Be &4 4)

The solution to this minimization problem is to set

__f4)
A B =ity
Since |4 9(4)| =(d—1) |4]| + 1,
r(A, B) =m VBe ./Vd(A) (66)

In this case, the routing vectors are nonnegative. Let h(n) =3 4c¢¢ f 2(A).
If r(A, B) is defined by (6.6), then

= hn)
AE=2 L G a—tyns1)

By Theorems 5 and 3,

Ba(d) <lim sup h(n)"* (6.7)

n— 0
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Theorem Ic¢ will be a consequence of obtaining bounds on the limiting
behavior of the sequence A(n)'".

The first thing to note is that / can be computed exactly (see the next
lemma). However, we will not be able to compute /4 explicitly. Instead,
using the expression for f, /1 is expressed as a ratio. The goal is to prove
that the sequence A(n) is bounded above and below by sequences for which
the associated power series have the same radius of convergence. Therefore,
determining the radius of convergence of #(F) will be equivalent to deter-
mining the radius of convergence for a power series with coefficients equal
to either the upper or lower bound. The bounds are chosen so that the
numerators agree with the numerators of 4(xr). The reason for choosing the
bounds this way is to exploit the fact that the numerators of A(n) satisfy
a nice recursion. By choosing the denominator of the lower bound
appropriately, the numerator recursion will guarantee that the lower bound
satisfies a related recursion. The fact that the lower bound satisfies this
related recursion allows one to obtain bounds on the radius of convergence
of the power series with coefficients which agree with the lower bound.

We begin by finding an explicit expression for f. Then a combinatorial
lemma is stated. As a consequence of this lemma, the numerator recursion
for the sequence A(n) is obtained. Next, the sequences which bound A(n)
are introduced. Finally, bounds on the radius of convergence of the power
series with coefficients which agree with the lower bound are obtained for
d > 2. This bound is an improvement over the easy transience bound of 1/d
if and only if d = 4.

Definition 2. An increasing path from {0} to A4 in % is a collection
{B,} 4, of sets in ¢“ such that B,= {0}, B, =4, and B, , € /*(B,) for
i=0,.., |A| — 1. Let N(A4) be the number of paths which increase from { O}
to A4.

Lemma 2. If r(A, B) is defined by (6.6), then for A such that
|[A|=nz1,

N(A)
Tz (d—Dk+1)

(4)=

Proof. If |A|=1, then 4={0, x,}. Since ({0}, {0, x,})=1, (6.3)
gives ({0, x,} ) =1 as desired. Assume that the assertion holds for |4| <n.
If |A| =n, then, by (6.3) and (6.4),
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A=Y wB,4)

{B:B<A}

= Y  f(B)r(B, A)

{B:Bs 4)

i N(B) !

{B:Aezmi(m}HZ;%((d—l)k+1)(d_l)(n_1)+1
1

TG @Dkt {B:A?A"‘(B)} Mo
N(A4)

= O
TTizo(d—Dk+1)

Lemma 3. For n>1, there exists a one-to-one correspondence
between %, and the disjoint union || . ;) %5 x -« x %}, where the union
runs over all d-tuples in N¢ with j, + --- + j,=n—1, such that under this

correspondence

4] —1

N (A):<|A1 o 14,

>N(A1)---N(Ad) (6.8)

Proof. Let {y,,., y,} denote the nearest neighbors of x, in BY. Set
BY={y:lyi=ylI<|x,—pl} ux, and 4,=A4NBY. Since B, =B? for
1<i<d, Ao (44,.., A;). Equation (6.9) is an immediate consequence of
this correspondence. O

Squaring (6.9),

4] —1

2 *(A4,)---N¥4 9
A [y |Ad|> N*(4y) - N¥(44) (6.9)

w2y =
for 4e% such that |4|>1. For neN, let N,=3 4.4 N*(4). Summing
(6.9) over all ordered d-tuples (A,., A )e@?x .- x%* such that
A+ - +]4;]=n—1 gives

N,= % (n_l >2Nj---N

. . Ja
Jisees Ja

for nz1 (6.10)

(ppeens J)
where the sums runs over all d-tuples in N? with j, + ..- + j,=n—1. By
definition of A(r), Lemma 2, and definition of N,,,

N

n

M) = T (d=D k+ 1)
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If we could solve recursion (6.10), then we would be able to compute A(n)
exactly. We pursue an alternate strategy and use (6.10) to obtain informa-
tion about the asymptotic behavior of A(n). For n > 1,

n—1
(d—1)""tn—INK[] (=D k+1)<(d—1)"n!
k=0
Set £(0)=1 and «(0)=1. For n= 1, set

L and (n)_ Nn
(d— 1) nP? T a=TRE =

Z(n)=

Then
£(n) < h(n) <u(n) forall neN (6.11)
Furthermore, for #n 2 1, u(n) =(d—1)?>n?*¢/(n) so that

1/n

lim sup Z(n)"* =lim sup u(n)!/" (6.12)

n— o0 n—oC
Combining (6.11) and (6.12) proves the next proposition.
Proposition 2. lim sup,,_, ., #(n)"" =lim sup,,_, ., £(n)"".

Proposition 3. Forn>1,

X ) Ua) (6.13)

where the sum runs over all d-tuples in N¢ with j, + .-+ + j,=n—1.
Proof. Divide (6.10) by (d—1)*"n!2 O

Finally, solving (6.13) is equivalent to solving a modified recursion.

~ ~

Suppose that Z(0) =1 and for n = 1, £(n) satisfies

Fm=—z X ) 2Ua) (6.14)

where the sum runs over all d-tuples in N¢ with j, 4+ -+ + j;=n—1. Then
£(n) =£(n)/(d—1)*" satisfies (6.13). Therefore, obtaining bounds on the
solution of (6.14) gives bounds on the solution of (6.13).
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Theorem 6. Forn>=1,
- 1 d n—1
/(n)<—<—>

Proof of Theorem Ic. By Theorem 6, the relationship between solu-
tions of (6.13) and (6.14), Proposition 2, and inequality (6.7), f4(d)<
af2d—1)3). O

Theorem 6 is proved by induction. In order to execute the induction
step, the following lemma is needed. This lemma is a special case of a well
known expansion of the binomial coefficient (**#~1) with k=2.

Lemma 4. For any positive integer n,

=n+1 (6.15)

n 2j
Ex J!

yelm 1" 7i

where I'(n, j) is the set of all ordered partitions of n of into j parts and y,;
is the ith element in the partition y.

Proof. Writing —log(1 — x) as a power series centered at 0 gives

1

(—log(1 —x))j=< OZO:‘ Xk>J 020‘, > x"  for |x| <1

k= n—j yelmp Y1 Vi
Let ke N. For |x| <1,

® /fk4+n—1 . 1
Z( n )x‘(l—xV‘_

n=1

— e—klog(l—x) -1

(—klog(l —x))/
j!

)
j=1
Yy
L yelm H V1" Vi
(o) nk

=Y Y5 X

J
not =1 ey 1Y

>

il
I’ ™M s
:|

J

A

X

Taking &k =2 completes the proof. O
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Proof of Theorem 6. By (6.14), Z(1)=1 which verifies the assertion
for n=1. Assume that the assertion holds for m <n We have

. > 5
Am=— X Lmy)--lmy)

(my,..s my)

1 min(d, n—1) d - -
== X <> Y L)L)
= J/ yerm—1,»

since Z(m,) =1 when m,;=0. By assumption,

- 1 min(d, n—1) d d n—1-—j 1
w20 (5) 2,6

N J/ yerm—1, 5 Vit ¥y
1 min(d,n—l)dj d n—1—j 1
nt oo JN\2 yerema1, ) V1)

<d>n—1 min(d,n—l)zj 1

j=1 I erdlup VY

L fd\" ! noly !
<als) ThH X

i ey,
j=1 " yerm—1,5p V1Y

By Lemma 4,

n—1
Zn) <= (i’ ) 0
n\2

A simple computation provides evidence that for large d the bound
given in Theorem Ic is close to the best that this flow achieves, Thus, not
so much is lost in the inequality in Theorem 6. Let 4,, be the Markov chain
on %¢ with transition probabilities defined by (6.6) and let £, be the num-
ber of leaves in the set A,. By conditioning on /,_,, one gets a recursion
which leads to

d—1 1

nz?2

In other words, the typical set that the uniform flow visits has a death rate
which is roughly the birth rate divided by (2d—1) f. In d =2, these sets
are not only typical, but rather uniform flow visits them with very high
probability:

:(n+l)(5n+7)

B/ ="
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and therefore,

4, po 1

=2
d—nt1 2a—1 ‘v d

For small d the bound given in Theorem lc is much worse than 1/(2d— 1).
However, by handling the cases d=2 and d=3 separately, the bound
induced on #(n) by Theorem 6 can be improved to 14(r+ 1)(1/3)"*2 and
(1/5)"=1 respectively. We conjecture that 1/(2d— 1) is the optimal bound
for this flow. Numerical evidence suggests that one cannot hope for much
better.

6.3. The Uniformly Distributed Flow

In the previous section, the main goal became to determine the
asymptotic behavior of A(n). This resulted from the fact that
Y penda t (A, B)=1/((d—1)n+1), and therefore, the presence of this
factor did not affect the radius of convergence of #'(F). If we require the
routing vectors to be absolutely bounded by b, then

I
@Dl 2

Be NUA)

r{A4, B)<b¥((d—1)n+1) (6.16)

Thus, under the assumption that routing vector are bounded, the
asymptotic behavior of 4(n) governs the radius of convergence of J'(F).

As a consequence of the construction, " aew! f(A)=1. Hence, we seck
to minimize a quadratic function subject to a linear constraint. If this linear
constraint were the only constraint, then the solution would be to partition
1 into equal parts, i.e., distribute the fluid uniformly over sets of size .
However, we require the the flow to be incompressible which introduces
many additional constraints. Notice that if a flow exists with bounded
routing vectors such that f(4) = 1/c,4, then by (6.16),

2% & (d—1)n+1

%"(F)<7 Y ( o fr {6.17)

This series is summable for > (1/d)((d—1)/d)@~V since, except for the
factor of (d—1)n+1, each term is the exact reciprocal of the terms
appearing in (4.1). Due the these observations, we attempt to construct a
uniformly distributed flow with bounded routing vectors.

Suppose that one has constructed routing vectors bounded by & such
that f(4)=1/c 4 for all 4e%“ such that |4| <n. Exploit the fact that €<
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union runs over all d-tuples in N“ such that k,+ --- +k,=n—1 and use
the routing vectors {r(4, -)} 14| <n LO construct the routing vectors for %
More specifically, associate to each set a preliminary routing vector a( A, i)
which determines the amount of fluid routed to branch i in set 4. In par-
ticular, let a(A4,-) be such that Z;’:l a(A,i)=1. If A corresponds to
(Ay,.., A;), B corresponds to (B,,.., B;), Be /'*(A), and A,# B,, then let

is in one-to-one correspondence with [y, ., €% x --- x €} where the

rA,B)y=a(A,i)r(A,;, B,

Since

d
rA, B)= Z Z o(A;) H{A4;, B))
{Bewd(4)} i=1 {B,e #'44))}
d
=Y a(4,i) r(4;, B))
i=1 {B,e ¥ 94,)}
d
=Y a(Ad,i)=1 (6.18)
i=1
it follows that r(4, -) is a routing vector. Furthermore, if |a(A4, {)| < 1, then
r(4, B) is bounded by b. Therefore, in order to specify a collection of bounded
routing vectors, it suffices to specify a collection a( 4, i) of preliminary routing
vectors which are absolutely bounded by one.

A priori, one might expect a{ A, - ) to depend on the entire structure of 4.
However, it is reasonable to expect dependence only on the cardinalities
of 4; for 1 < j<d. One explanation for this is that the distribution which
we are trying to achieve depends only on cardinality. A more practical
reason for making this assumption is that it simplifies the set of equations
that «(4, -) must satisfy by allowing a second application of the induction
hypothesis. For ke N“ such that k,+ .-« +k,=n—1, let o;(n; k) be a
preliminary routing vector in a set 4 when |4|=n and |4;|=k, for
1 € j<d. Thus, the function «,(n; £} must satisfy

oa(mk)+ - tay(nk)=1 and la,(m; k)] <1 (6.19)

for all n>1 and ke N7 such that k, + --- +k,=n—1. Also, require that
for all permutations o of d objects a,,(n; a(k)) = «;(n; k) where o acts on
a d-vector in the usual manner by permuting the indices. This condition
simply states that the preliminary routing vectors are invariant under
automorphisms of B“. For all 4 €% and Be .4#"(A), set

A, By=oa,n; k) r(A4;, B) if A,#B,; (6.20)
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where [4|=n and [4;| =k; for all 1 < j<d. The goal is to choose o,(n; -)
such that the flow is distributed uniformly over sets of size n+ 1.

For Be%?, |, set k;=|B,|. Make the convention that ¢ _; =0. The net
flow into B is given by

JB)= Y flA)r(4,B)

{4:Be ¥ 44)}
1 d

=Y Y o;(m k—e) (A, B)

Co ot (4, Biesrday)
1 d
=— Y w(mk—e)er_y > J(4,)r(4,, B))
Cn i {4;: Bje U4}
1 & Cr,—
LS amk— ey S (621)
I Cp.

i

where ¢, is the d-vector with all entries equal 0 except the ith which is 1.

Lemma 5. If, for each n = 1, there exists «;(7; -) satisfying (6.19) and

Cy Cr,—1

d
a;(n; k—e)
=1 Ck,-

(6.22)

(| i
for all ke N such that &, + --- +k,=n, then f,(d) = B(d).

Proof. Set r({0}, {0, x,})=1. For || > 1, define r(4, -) recursively
by (6.20). By induction, |r(4, )| <1. By (6.18), (4, -) makes up a collec-
tion of routing vectors. By (6.21) and (6.22), f(A4)=1/c 4 for all Ae%“.
Therefore, (6.17) implies finite kinetic energy for B> (1/d)((d—1)/d)*~ .
By Theorems 3 and 5, f.(d)<(1/d)((d—1)/d)*~!. Combining this with
Theorem 1b and the fact that £,(d) < f,(d) completes the proof. O

Restrict attention to the case d=2. Set p(j) = ¢;/c;, . By the assump-
tion that «,(n;-) is invariant under automorphisms of B9, it suffices to
define a,(n; k) for all =1 and for all ke N2 such that k; +k,=n—1. If,
forall n=1, a,(n; -) is a solution of

l=oy(m (yn—1=))+oa(m (hn—1=j)) |om(in—1-7)<I
pn)=ay(n; (n—1,0)) p(n—1) (6.23)

plm)=ou(n (j—Ln=) p(j=1) +ax(m; (jn—j—1)) pln—j—1)
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where 0 < j<n— 1, then Lemma 5 implies that £,(2) = f4(2). By substituting
1 —ay(n; (j, n—1—j)) for ay(n; (j, n— j—1}) in the final equation, solving
(6.23) equivalent to solving

ay(n; (in—1-=7))20 for 0<j<n—1

Cn— __pln)
il 1’0))_/)(;1— 1) (6.24)
o (=1, n— ) = p(n) —pn—j— D +ay(m (j,n—1—1) p(n—1—))

p(j—1)

forl<jg<mn—landnz1.

Theorem 7. The unique solution of (6.24) is

. U+ DGB—2)
wlm on =1 =) === o+ 1) (6.25)

In particular, f,(2) = f4(2).

Proof. Using the fact that ¢, =(4+2)c;/(j+2), it follows that
p(j)=(j+2)/(4j +2) and therefore

p(n) _(2n—1)n+2)

pln—1) (n+1)2n+1)

Take j=n—1 in the righthand side of (6.25) to verify the base case.
Assume that (6.25) holds for all m such that j<m <n—1. Then
ay(n; (j—1,n—)))
_pm)—pln—j—)+a(n (in—j—1) p(n—1-))
p(j—1)
_4j—2< 3(j+1) (j+1)(2j+1)(3n—2j)(n—j+1)>
T jH1\ —8n+8n+4j+2 nn+ 1)2rn+1)(4n—4j—2)
_ Y2+ DBr=2(j=1))
J+1 4n® +6n+2n

(2j—1) j3n—=2(j—1))
22n+ )(n+1)

which proves the result. O
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Lemma 5 reduces proving Conjecture 1 to proving that a solution to
(6.19) and (6.22) exists for all d = 3. The main obstacle in proving a solution
exists for d > 3 is that, disregarding the absolute bound of one requirement,
the solution to (6.19) and (6.22) is not unique (see Puha®"). Therefore,
verifying that a suitably bounded solution exists for all n e N becomes more
challenging. The next section is devoted to providing heuristic support for
the existence of a solution to (6.19) and (6.22) for all d= 3.

7. THE LIMITING VERSION

Equations (6.19) and (6.22) make up a collection of linear algebra
problems indexed by N. Each problem has a distinct set of variables.
Therefore, a solution to the n =15 problem need not relate to a solution of
the n =6 problem. However, given the similarity of the equations it seems
reasonable to conclude that there exists a collection of solutions which are
consistent in some sense. Any reasonable consistency condition will imply
that the limit as n tends to infinity of o,(n; -) exists.

We investigate the limiting version of the equations (6.19) and (6.22).
Under the limiting operation, Eq. (6.22) becomes a first order partial dif-
ferential equation. It turns out that for all d>2, the limiting version of
(6.19) and (6.22) has a solution which is absolutely bounded by one. The
existence of such a solution provides evidence that solutions to (6.19) and
(6.22) exist which are absolutely bounded by one. Proving that such solu-
tions exists, in turn proves Conjecture 1.

Here, a study of the limiting version of (6.19) and (6.22) is presented
as support for the conjecture. In Section 7.1, the continuous problem is
derived. In Section 7.2, the method used to find the solution is explained.
The main idea is to assume that the solution can be expressed as a series
and to devise a method for computing the coefficients. As one might expect,
this approach becomes excessively complicated in general. However, the
approach does provide an answer for small d and an educated guess for
the general problem. An independent proof of Theorem 2 presented in
Section 7.3

7.1. The Derivation of the Continuous Problem

Assume that {a(n, <)} ,cn is a set of solutions to the discrete problem
such that

OL*(XI,..., xd) = llm (X:(xl,..., xd) (7.1)
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exists where a¥(xq,.., Xg)=o(Lox, J+ - +Lux, |+ 1; Lox; ..., Lax, ).
By definition, a*(x,,.,x;) is symmetric in the variables (x,,.., x ).
Furthermore, a*(x,,..., Xz) =a*(ax,,.., ax,) for all a > 0. Therefore,

X2 Xd
x1+ e +xd,”.,x1+ +xd

¥ (X ey Xg) =10 < (7.2)

for some symmetric function v defined on the d—1 dimensional simplex
S9!, The limit of (31) is given by

d
Y KXy Xp ey Xy 1 Xy 1o Xg) =1 (7.3)
i=1

Letting s; = x;/(x, + -+ +x,) for 1 <i<dand expressing (7.3) in terms of v,
V(S50 Sg) F w00 F V(S tsees Sie 15 Sip 1o Sg) + o0 F (S Sg_1)=1 (7.4)
If one simply takes the limit of Eq. (6.22), it collapses into (7.3).

Therefore, first order information must be considered. By computing the
first two coefficients of the power series centered at infinity,

cm) 1/d—1 d"‘<1+i
c(n+1)~d< d > 2n>

Expressing (6.22) in terms of o¥ gives,

ia*<x Lo x>C(Ln(x,~(1/n))J)
2 n i }’l, 1svers NMi—T1s Vi1 g c(Lnx,-J)

_ ellLnxy |+ -+ +Lnxg )
c(Luxy ]+ - +Lnxg |+ 1)

Asymptotically, (7.5) is given by

IIM&

1 3
* —— s X e 1o l+—
a <x' e Yo Yim o Xikts x>< +2n(x,-—(1/n))>

3 1
:1+2n(x1+ +xd)+”<2> (7.6)

As previously mentioned, first order information must be retained. There-
fore, (7.6) will be multiplied by n. In order to prevent both sides from

i
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tending to infinity, (6.19) is subtracted from (7.6) before multiplication
by n. This gives

d
w1 X yeees X X; Xg | — XX X0 X x Xg)
nLx, | X n Lyeeos Ai—1s Nit 1o Mg n\Vis ALy Aj—T1s A a0 g
i=1

=+ (1)

E i X _(l/n) Xpses Xi 15 Xy 1500 xd) 3
2 - Xi—(l/n) 2(X1+ te +xd)

Therefore, in the limit, (6.22) becomes

/3 0
3 (5 — 2 ) @ (Xys X X1 Koy 1500 Xg) = 7.7
,-=1<2xi ax,->°° N TR B

On the d— 1 dimensional simplex, let

U(Sl, 5 Sq—1)

V(S 5eer Sg_1) 2 =
T0(8150 Sq—1) = : 4=l § Z

l—s1— =54y

Multiplying (7.7) by 2(x;+ --- +x,)/3 and expressing (7.7) in terms
of T v,

d
Z Ty0(S 10y St 15 Sigp 1o $g) =1 (7.8)
i=1

For w: S~!' - R, let L,w: 3S? —» R be defined by

I

LdW 87 90 ,Sd Z w Sl,..., Si—1sSig 1o Sa') (79)

Equations (7.4) and (7.8) can be expressed in terms of L, as
Ldl)(sl,..., Sd)= 1 and LdeU(Sl,..., Sd)= 1 (710)

respectively. The next proposition which summarizes the statement of the
continuous problem has been proved,

Proposition 4. If a*: R? - R is symmetric in the variables x,,..., x4
and satisfies (7.3) and (7.7), then v: S?~! —» R defined by (7.2) is a sym-
metric solution of (7.10). Conversely, if v: $?~! - R is symmetric and
satisfies (7.10), then «*: R? - R defined by (7.2) is symmetric in the
variables x,,..., x, and satisfies (7.3) and (7.7).
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7.2. The Method for Finding a Solution

The method used to actually find the solution is presented in this
section, The strategy is to express a candidate solution as a series with
unknown coefficients and to use the PDE to determine the coefficients. The
approach is demonstrated in d =3 and only the main ideas are presented
here. For a more detailed account, see Puha.'" In section 7.3, a complete
proof of Theorem 2 is given which is independent of the approach taken
here.

The goal is to find v(s, ) such that

I
Tio(s, 1)+ Tso(l —s—t, )+ Ty0(l —s—t,5)=1

v(is, ) +o(l —s—t, t)+v(l —s—1,8)

For any such u(s, 1), v(s, 1) =u(s, t}+ 1/3 for some u(s, t) which satisfies
uls, ) +u(l —s~t, 1y +u(l—s—1,5)=0 (7.11)
A collection of symmetric polynomials which satisfy (7.11) is given by
U S =1 =5s=0)"(st)" (1 =t =25) " + {1 —5=2£) s")
=(l—s—0)"* ! (s0)" (s + ™)
_(1 —S—Z)n (S[)rﬂ-l (Smfl + [m—l)
where m,neN. Consider u(s, t)=3," 02 _o®pn iy (3 1) where
w, »€R. The goal is to choose w, , such that T(u+1/3)s, 1)—1/3
satisfies (7.11).
Since Tsu, (s, 1) is not expressible in terms of the collection

{iy, (S, D} 4 men> SOMe symmetric polynomials are added to the collection.
Let

pn,m(s, t) :(1 —S—f)n (S[)" (Sm+[”‘)

The collection {u, (S, 1), Pu (S 1)} p men Spans the set of all symmetric
polynomials in two variables. It turns out that

TS”n,m(Ss t)
23n+m+1)

3—-2n
:fun,m(s’ t)—< 6 >(un—~l,m+2(s’t)_un—l,m+l(ss l))

4—4 32
+<Tn> pn,m(sa t)_< 6 n) (pn—l,m+l(s’ [)

_2pn—],m+2(s’ {) =+ Pn_1‘m+3(3‘a {))
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Also,

s+t poa(s = poy (s f) —uy,a(s, 1)
T5(1/3)(s, t)—l/3~3(1_s_t)— 3

Recall that the objective is to choose w, ,, such that Ts(u+1/3)
(s, #) —1/3 satisfies (7.11). In other words, the coefficient of p, (s, t) in
Ta(u+1/3)(s, t)—1/3 should be zero. If «,, , denotes the coefficient of

D, S, £) in Ta(u+1/3)—1/3, it follows that

1 8w(—1,2) w(0,1) w(0, —1)
st 3 g Te@0-T5—
it (n,m)=(-1,2)

_é+8w( 31,3)_w(02,2)+w(0’ 1)_60((;,0)
Kk(n, m)= if (n,m)=(—1,3)
4—4n 2n—1
<T>w(n,m)+< 3 )
x<w(n+12’m_l)—a)(n+1,m—2)+w(n+12’m_3)>
otherwise

Setting «(n, m) =0 implies that

1
3 if n=0 and m>1
=4{ 4 1
w(n, m) w if n=1 and m3z0
0 otherwise

By summing the series which defines u(s, ¢),

(1—t—2s)t+(1 —s—21) 8
3(1—1) 3(1—ys)

uis, )=

8(1—1—25)st(1 —s—1)  8(1—5—28) st(1 —s5— 1)
3(1—1)° + 3(1—2s)° (7.12)
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If one generalizes this approach and repeats the procedure for d =4,
the solution is given by

(l—r—s=20)(r+s) (1—r—t=2s)(r+1)
8(1 —r—s) 8(1—r—1)

ulr,s, )=

(1—s—1—2r)(s+1)
8(l—s—1)

+(l—r—s—t)(l—r—s—2t)(r+s)t
(1—r—s)3

+(l—r—s—t)(l—r—t—2s)(r+t)s
(1—r—1)?

+(l—r—s—t)(l—s—t—2r)(s+t)r
(1—s—1)3

(7.13)

Comparing the d=3 and d=4 solutions suggests a pattern. Since com-
puting the coefficients is complicated in general, it is more convenient to
verify that the candidate solution satisfies (7.10).

7.3. The Solution to the Continuous Problem

In this section, the pattern suggested by (7.12) and (7.13) is shown to
satisfy (7.10). The proof itself heavily exploits the structure of the solution
and thus reveals the properties of the solution which enable it to satisfy
(7.10).

Definition 3. For u: SY~' > R, u is homogeneous with respect to
L, if Lyu=0. Denote the set of all symmetric functions which are
homogeneous with respect to L, by ;.

Proposition S is an immediate consequence of Definition 3.

Proposition 5. If ue #; and T, (u+1/d)—1/de 5#,, then v=u+1/d
is a symmetric solution of (7.10).

Let ¢ be the projection of $Y~! onto $? defined by

P15 Sayeey Sg_1) =(81, 82+ -+ +8,4_1) (7.14)
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Given a function f: S>> R, let S, f be the symmetrized extension of f to
S9! defined by

d—1

Sdf(slﬁ"-s Sd—l)z Z f"(ﬂ(si, Sgens Si 15 Sig 10 Sd—l)

i=1

It is immediate that S, is a linear operator and that S, f is symmetric. The
class of functions that will be considered here are all symmetrized exten-
sions. In particular, we consider u e #; such that u =S, f some f: $? - R.
By restricting attention to this class, we can view our solution as a sum of
functions of two variables. There is a simple criterion for functions
f: $? > R which implies that S, f € ;.

Definition 4. Given f:S*—> R, we say that f is cancelative if
fls, )+ f(1 —s—t,¢t)=0 for all (s, 7)e S2
Proposition 6. If /1 S2— R is cancelative, then S, f € 3.
Proof. By definition, s, + .-+ +s5,=1. Thus, for 1 <i<j<d,
(pl(siﬂ S Si_ 19 Sig 15000 Sj—l> Sigpseees Sd)
= 1 - (DI(S]', Sl 9seey Si—l’ Si+]7"~5 Sj-—l’ Sj+17"'9 Sd)
- (pZ(Sj; Spoes i1 Siq1rmes Sj—la Sj+la'", Sd)
(pZ(Sia Sl’-"a Si—b Si+la'-'a Sj—19 Sj+la'“s Sd)
= 0(S)y Sty 8515 Sip 1 5000s 5715 Sj41oees Sa)

where ¢, denotes the ith coordinate of ¢. Combining (7.15) with the fact
that f is cancelative implies that

fo ¢(Si, Sl seeny Si—l’ S,'+1,..., Sj-—l’ Sj+1,..., Sd)
+f0 (ﬂ(SJ, S1sees Si_ 1 Sig 1 seees Sj—].’ s]'+1,..., Sd) =0 (7.16)

By definition,

d
L;S.f= Z Sy S(S1sms Sim 15 S 130ees 84)

i=1
d

= Z Z fO(P(Sja"'a sj—l3s19"-9 Si— 15 Sig1sens Sd)
i=2 j<i

d—1
Y Y L oP(Spas Si_ 15 St 1reees S5 Sy 1300 Sa)

i=1 i<j
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By switching the order of the second pair of summations, (7.16) implies
that

d
Ldef= Z Z fO(p(Sj,..., Sj—l’slr"’ Si—l’si+l’"" Sd)

i=2 j<i

d
Y Y S OP(Sas Sy 15 Sy 10 St Sig 15eens Sat)

i=2 j<i
d
= ) Y (S oDy S5 15 S1aes Si 15 Sig 13000 Sa)
i=2 j<i
F S OP(Sirs Sj 15 Sj 4 13000 S15> Sige 1oeens Sa))
=0
completing the proof. O

Two examples of cancelative functions are
(1 —t—2s) and s(1—s—0)(1 —1—2s)

These two examples will be the main building blocks for the solution to
(7.10). Note that if either example is multiplied by a function which
depends only on the variable ¢, then the resulting function is also can-
celative. In particular, if

(1—t—25)¢t
(1—-1)

(1—t—=2s5)s(l —s—1¢)¢
(1-10?

fls, )= and g(s, )= (7.17)

then S,/ and S, g are elements of 5. Furthermore, S,(a,f + b g) is an
element of s#, for any real constants a, and b,. Our goal is to choose a,
and b, such that Ty(a,f +b,g+ 1/d) —1/de #,.

Proposition 7. For all f:S? >R, T,(fo@(S1sm5q_1))=(T3f)0
(p(sl,..., Sd—l)‘ In particular, Tde‘f=SdT3f:

Proof. By the chain rule,

0 )
Sl af‘)(ﬂ(sl,..-, sd—l) =sla_£(¢(sl""’ sd—l))

0 a .
Si 35, So@(s1smssq_1)=3; Oit( (@(S150s Sa_1)) i#1
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Therefore,

d—1

0
2 Sigfo(p(sla"-, Sq—1)

i=1
%) 5]
= Q18150 Sa—1) ¥ (@(Sysees Sa—1)) + P2S15000s Sa_1) ¥ (@(S150s Sa—1))
0s ot
completing the proof. O
As a consequence of Proposition 7 and linearity of both S, and T,
TySalagf +big)=a48T3f +048,T58

Therefore, it is enough to compute 75 fand T5g. In light of Proposition 6,
the next objective is to collect all cancelative parts of 7'; f and T3 g.

Proposition 8. If fand g are defined by (7.17), then

Ty f(s, z)=3(14t_t)— 1 _i_ﬁ%(%—ﬁ) S (118)
T, g(s, 1) =3(1_—_S’t)2+§ <4+13—_’t> g(s, 1) (7.19)
Proof. We have
sZ—{(s, ) :I_Tzst’ (7.20)
t Zi;(s, L It__z =), l_j + 12(21__[[-)22” (7.21)

The first term in (7.21) is f(s, #). By combining the second term in (7.21)
with (7.21) and adding and subtracting ¢/(1 — ¢), another copy of f(s, t) can
be obtained. The final term in (7.21) is simply f{(s, f) scaled by a function
which depends only on the variable 7. Thus,

0 of
st L0 =(2475 ) fn -1
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Observing that

Sls,r) 2 t
l—s—t 1—t (l—s—1)

gives

2t t 2 t !
0=y (2 e o)

4t t 2 P
=3(1—t)_(l—s—t)+§<2+1—_,>f(s, )

establishing (7.18).
For g(s, 1),

og Cs(l—t=25)(1=s—0)1  —2s%(1—s—0)t —s¥1—1—29)t
S5 1) = (1—1) (=0 ' (-1
(7.22)
z%( t)_——ts(l—s—t)l —H1—t=2s)st tH{l—1—=28)s(1—5—1)
2 YT T )p (1—1)° (1—1)
31—t —2s)s(1 —s—1) ¢
+ T (7.23)

In a similar manner as with f{s, ¢), combine the second and third terms in
(7.22) with the first and second terms in (7.23) respectively to obtain

s% (s,8)+1¢ % (s, )= (4 +%> g(s, f) S22t (_lzi:)fs) d
Since
g(s, 1) _2s(2—21—3s) r__ st
l—s—1¢ 3(1—1)? 3(1—1)?
(7.19) holds. O

Proposition 8 decomposes T f and T g into cancelative and noncan-
celative components, Denote the noncancelative terms by

4t —t — st
£5(s, t)—l—s—t’ and &5(s, t)—m
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Recall our ultimate goal, to choose a, and b, such that T,S,(a,f +b,g)
+ T,(1/d)—1/d is an element of ;. Since

Sy 8
dl=sy— - —54_1)

T,(1/d)—1/d=

and

—([@d=2)(s1+ -+ +584-1)
T—sy— o =84y

(7.24)

Sty =

it s natural to choose a, such that S,a,¢, cancels T,(1/d)— 1/d. In par-
ticular, @, = 1/((d—2) d). With only ¢, and ¢, remaining, &, is chosen such
that a e, + b,¢; is cancelative. Setting b, = 8a, gives

441 — ¢ —2s) 4

ay8.(8, t)+8azes(s, t)=a, e =qa, 31-0) fis, 1) (7.25)

which is cancelative.
Theorem 8. Let A(s, 1) = f{s, t) +8g(s, 1) where f and g are defined
by (7.17). Then S,a,h+ 1/d is a symmetric solution to (7.10).

Proof. Since h(s,t) is cancelative, Proposition 6 implies that
S azhe ;. By Proposition 8 and equation (7.25),

Tsa,h(s, 1) =ad%h(s, 1) +azeys, t) (7.26)

Since A(s, t) is cancelative, Propositions 6, 7, and (7.24) imply that
T,(S;a,h+1/d)—1/d is an element of ;. By Proposition 5, the assertion
holds. d
Theorem 9. S, a,h+ 1/d is absolutely bounded by one.
Proof. We have

Oh ( 6U0 =081 —0) s +85%)
2 S 1= (1—1)

Therefore, the maximum and minimum occur at

(1-02-/2) _(1-02+/2)

= and

Smax = 4 min 4
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respectively. Since

h<(1 —z)(24—2ﬁ)’ t>=\/5t

and

h<(1—t)(24+2\/§),t>=_ﬁt

It follows that

|ho @8y, sd_1)|<\/§ on §4-1!

Since S,/ has d — 1 terms of the form /o ¢,

1| _(d—1)/2 1
Sdadh+a,‘< d=2)d +d

which is bounded by one provided d = 4. Since S3ha(s, 1) =h(s, t) + h(t, s), it
is possible to use the better bound of

(s, 1) + (1, )| < /2 (s +1) < /2
Thus,

1 241

as desired. O

Theorem 2 follows from Theorems 8, 9, and Proposition 8.
Presumably, a suitably bounded solution to the discrete problem exists
which has a structure analogous to the structure of the solution to the par-
tial differential equation. Our attempts to exploit this structure have failed.
Nevertheless, we believe that (6.19) and (6.22) has a solution for all ne N.
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